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Abstract
For years, the biggest unspeakable in quantum theory has been why quantum theory and what is quantum
theory telling us about the world. Recent efforts are unveiling a surprisingly simple answer. Here we show
that two characteristic limits of quantum theory, the maximum violations of Clauser-Horne-Shimony-Holt
and Klyachko-Can-Biniciog˘lu-Shumovsky inequalities, are enforced by a simple principle. The effective-





















FIG. 1: John Bell at CERN. c©1982 CERN.
I. INTRODUCTION
There is a photograph of John Bell taken in 1982 in front of a blackboard in his office at
CERN. The famous Clauser-Horne-Shimony-Holt (CHSH) Bell inequality [1, 2] is written in the
blackboard. At the right hand side of the maximum bound for local hidden variable theories it
is written “Einstein.” Below that, it is written the maximum for quantum theory (QT): “2
√
2.”
Already in 1969, CHSH noticed that this was the maximum for two-qubit systems [2]. In 1980,
Tsirelson proved that it is also the maximum in QT, no matter the dimensionality of the state space
[3]. It took a lot of time until somebody asked the obvious question: why? [4]. It took a surprising
amount of time until somebody came with a compelling answer [5]. However, it was soon proved
that this answer cannot explain the maximum quantum values for some tripartite Bell inequalities
[6]. This leads us back to square one: Why the quantum maxima of all Bell inequalities? What is
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the fundamental reason that limits quantum probabilities?
In the summer of 1964, before submitting the Bell inequality paper, Bell submitted other pa-
per which, for several reasons [7, 8], was not published until 1966 [9]. There, Bell discusses the
implications for the hidden variables problem of Gleason’s theorem [10], which was directed to
reducing the axiomatic basis of QT. The relevant corollary of Gleason’s theorem is that, if the di-
mensionality d of the state space is grater than two, then there exists a set of elementary tests such
that values t(rue) or f (alse) cannot be assigned to them respecting that: (i) t cannot be assigned
to two mutually exclusive tests, and (ii) t must be assigned to exactly one of d mutually exclu-
sive tests. Bell proved this corollary by constructing an explicit infinite set of elementary tests in
d = 3 for which such an assignment is impossible. A finite set was found by Kochen and Specker
in 1962 [11], but not published until 1967 [12], making explicit a result anticipated by Specker
in 1960 [13]. These sets prove the impossibility of reproducing QT with theories satisfying the
assumption of non-contextuality of results, namely, the assumption that the “measurement of an
observable must yield the same value independently of what other measurements may be made si-
multaneously” [9]. Bell considered that this assumption was not reasonable and finished his paper
suggesting that it would be interesting to pursue some proof of impossibility of hidden variables
replacing non-contextuality by some assumption of locality. One month later, Bell submitted the
Bell inequality paper.
However, the problem of hidden variables in QT can be mathematically formulated in a way
which goes beyond whether or not non-contextuality is reasonable. The problem of hidden vari-
ables in QT is simply whether or not it is possible to recover the quantum probabilities from a joint
probability distribution over a single probability space. What is proven by Kochen-Specker and
Bell’s examples is that this is not possible in any scenario in which the dimensionality of the state
space is three or higher, irrespective of whether or not locality can be invoked.
II. THE KCBS AND THE CHSH INEQUALITIES
What if Bell would have derived a Bell-like inequality violated by quantum systems of dimen-
sion three? Such an inequality was introduced in 2008 and is called the Klyachko-Can-Biniciog˘lu-
Shumovsky (KCBS) non-contextuality (NC) inequality [14]. The KCBS inequality is the analog
for quantum systems of dimension three of the CHSH inequality. The KCBS inequality is the sim-
plest NC inequality violated by quantum systems of dimension three; the CHSH inequality is the
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simplest NC inequality violated by quantum systems of dimension four. Simplicity is here mea-
sured by the number of dichotomic observables used. The quantum violation of NC inequalities
shows the impossibility to recover the quantum probabilities from a joint probability distribution
over a single probability space.




κ = 〈A1A2〉+ 〈A2A3〉+ 〈A3A4〉+ 〈A4A5〉 − 〈A5A1〉, (2)
where Ai are observables with two possible results −1 and +1, and
〈AjAj+1〉 = P (Aj+, Aj+1+)− P (Aj+, Aj+1−)− P (Aj−, Aj+1+) + P (Aj−, Aj+1−), (3)
where, e.g., P (Aj+, Aj+1−) denotes the joint probability of obtaining +1 when measuring Aj
and −1 when measuring Aj+1. Probabilities in Eq. (3) are assumed to be well defined no matter
in which order Aj and Aj+1 are measured. However, for Aj and Aj+2 this may not be the case.




β = 〈A1A2〉+ 〈A2A3〉+ 〈A3A4〉 − 〈A4A1〉. (5)
The difference between κ and β is that, in β, A1 and A3 can be measured on a subsystem while
A2 and A4 are measured on a distant subsystem. Therefore, in β the choice of measurement on
one subsystem and the result on the other subsystem can be space-like separated. This allows us
to invoke locality to justify the assumption of non-contextuality.









2 ≈ 2.828. (7)
The big question is not just why QT violates the inequalities for hidden variable theories, but rather
why QT violates them exactly up to these limits.
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III. INTRODUCING THE EXCLUSIVITY PRINCIPLE
Consider non-demolition measurements that are repeatable (i.e., that give the same result when
repeated) and cause no disturbance on other measurements (i.e., when combined with these other
measurements, all are repeatable). These measurements are called “sharp” [15, 16] and, in QT,
are represented by projection operators. These are the measurements that von Neumann called
“quantum observables” [17]. Let us define an event as the state of the system after some sharp
measurements (with certain results) on some initial state. Two events are equivalent when they
correspond to indistinguishable states. Two events are exclusive when there is a measurement that
distinguishes between them.
A theory satisfies the exclusivity (E) principle [18] when any set of n pairwise exclusive events
is n-wise exclusive. Therefore, if we assume the E principle, Kolmogorov’s axioms of probability
lead us to the conclusion that the sum of the probabilities of any set of pairwise exclusive events
cannot be higher than 1.
However, the E principle cannot be derived from Kolmogorov’s axioms. To see it, consider the
maximum value of the following sum of probabilities of events:
S = P (A1+, A2+) + P (A2−, A3−) + P (A3+, A1−), (8)
where the notation is the same used above. The three events (A1+, A2+), (A2−, A3−) and
(A3+, A1−) are pairwise exclusive. Therefore, the only restrictions from Kolmogorov’s axioms
are that the probabilities are non-negative and that
P (A1+, A2+) + P (A2−, A3−) ≤ 1, (9a)
P (A2−, A3−) + P (A3+, A1−) ≤ 1, (9b)
P (A3+, A1−) + P (A1+, A2+) ≤ 1. (9c)
Therefore, for theories satisfying Kolmogorov’s axioms the maximum is S = 3/2, since each
of the three probabilities in (8) can be 1/2. However, for theories satisfying the E principle, the
maximum is S = 1, since the E principles forces that
P (A1+, A2+) + P (A2−, A3−) + P (A3+, A1−)
E≤ 1. (10)
The E principle can be derived from a variety of axioms. For example, from the axiom that
pairwise co-measurability implies joint co-measurability [13], from the principle of fundamental
5
sharpness of measurements [16], from axioms 1 and 2 in Ref. [19], and from the principle of lack
of irreducible third order interference [20].
The E principle imposes limits to the sum of probabilities of pairwise exclusive events. There-
fore, in order to study the implications of the E principle for the limits of the KCBS and CHSH
inequalities, it is convenient to rewrite both inequalities in terms of sums of probabilities of events.
For that, it is useful to notice that the condition of normalization of probabilities allows us to write
〈AjAj+1〉 = 2P (Aj+, Aj+1+) + 2P (Aj−, Aj+1−)− 1, (11a)
−〈AjAj+1〉 = 2P (Aj+, Aj+1−) + 2P (Aj−, Aj+1+)− 1. (11b)
Therefore, we can write
κ =2SKCBS + 2S
′
KCBS − 5, (12a)
β =2SCHSH − 4, (12b)
where
SKCBS =P (A1+, A2+) + P (A2−, A3−) + P (A3+, A4+) + P (A4−, A5−) + P (A5+, A1−),
(13a)
SCHSH =P (A1+, A2+) + P (A1−, A2−) + P (A2+, A3+) + P (A2−, A3−)
+ P (A3+, A4+) + P (A3−, A4−) + P (A4+, A1−) + P (A4−, A1+) (13b)
and S ′KCBS is obtained from SKCBS by changing the signs of all the results. Then, we can write the




5 ≈ 2.236, (14a)
SCHSH
LHV≤ 3 QT≤ 2 +
√
2 ≈ 3.414. (14b)
IV. THE LIMIT OF THE KCBS INEQUALITY
Our first target is to explain why SKCBS cannot go beyond
√
5 or, equivalently, why κ cannot
go beyond 4
√
5 − 5. For this purpose, consider two independent experiments both aiming the
maximum of SKCBS. Suppose that one of the experiments is performed in Vienna on a certain
physical system, while the other experiment is performed in Stockholm on a different physical
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FIG. 2: Exclusivity graphs of the five sets of five pairwise exclusive events used in the proof of the limit
of the KCBS inequality. Events are represented by nodes and exclusivity relations by edges. The black
pentagons correspond to the exclusivity relations between the events (Ajγ,Aj+1δ). The coloured penta-
grams correspond to the exclusivity relations between the events (Bk, Bk+1φ). Any two graphs differ in a
rotation of the pentagram.
system. Let us denote by (Aj+, Aj+1+) an event of the experiment in Vienna, by SAKCBS the sum
of the corresponding five probabilities, by (Bk+, Bk+1+) an event of the experiment in Stockholm
and by SBKCBS the sum of the corresponding five probabilities.
Since the experiments are independent, the probability of an event involving both experiments
is the product of the probabilities of the corresponding (single-city) events. For example,
P (Aj+, Aj+1+, Bk+, Bk+1+) = P (Aj+, Aj+1+)P (Bk+, Bk+1+). (15)
Having two copies, we can identify larger sets of pairwise exclusive events. For ex-
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ample, the set with the following events: (A1+, A2+, B1+, B2+), (A2−, A3−, B4−, B5−),
(A3+, A4+, B2−, B3−), (A4−, A5−, B5+, B1−) and (A5+, A1−, B3+, B4+). The E principle
and assumption (15) applied to this set imply that
P (A1+, A2+)P (B1+, B2+) + P (A2−, A3−)P (B4−, B5−) + P (A3+, A4+)P (B2−, B3−)
+P (A4−, A5−)P (B5+, B1−) + P (A5+, A1−)P (B3+, B4+)
E≤ 1. (16a)
Similarly, by identifying sets of pairwise exclusive events, we can derive the following inequalities:
P (A1+, A2+)P (B3+, B4+) + P (A2−, A3−)P (B1+, B2+) + P (A3+, A4+)P (B4−, B5−)
+P (A4−, A5−)P (B2−, B3−) + P (A5+, A1−)P (B5+, B1−)
E≤ 1, (16b)
P (A1+, A2+)P (B5+, B1−) + P (A2−, A3−)P (B3+, B4+) + P (A3+, A4+)P (B1+, B2+)
+P (A4−, A5−)P (B4−, B5−) + P (A5+, A1−)P (B2−, B3−)
E≤ 1, (16c)
P (A1+, A2+)P (B2−, B3−) + P (A2−, A3−)P (B5+, B1−) + P (A3+, A4+)P (B3+, B4+)
+P (A4−, A5−)P (B1+, B2+) + P (A5+, A1−)P (B4−, B5−)
E≤ 1, (16d)
P (A1+, A2+)P (B4−, B5−) + P (A2−, A3−)P (B2−, B3−) + P (A3+, A4+)P (B5+, B1−)
+P (A4−, A5−)P (B3+, B4+) + P (A5+, A1−)P (B1+, B2+)
E≤ 1. (16e)






Assuming that the maximum is the same in both experiments, i.e., that SAKCBS = S
B
KCBS, we can





Exactly as in QT. This is an arguably clearer presentation of a result introduced in Ref. [18].
V. THE LIMIT OF THE CHSH INEQUALITY
Our second target is to explain why SCHSH cannot go beyond 2 +
√
2 or, equivalently, why β
cannot go beyond 2
√
2. For this purpose, first notice that the state space on which A1 and A3 act
is, at least, two-dimensional. Second, notice that the conditions of normalization of probabilities
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allows us to write,
4− SCHSH = P (A1+, A2−) + P (A1−, A2+) + P (A2+, A3−) + P (A2−, A3+)
+P (A3+, A4−) + P (A3−, A4+) + P (A4+, A1+) + P (A4−, A1−). (19)
Now consider two independent experiments both testing SCHSH. Suppose that one of the ex-
periments is performed in Vienna and the other experiment in Stockholm. As before, let us denote
by (Aj+, Aj+1+) one event in Vienna and by (Bk+, Bk+1+) one event in Stockholm.
Now notice that A1 and B1 are co-measurable and that the state space on which A1 and B1 act
is, at least, four-dimensional. Therefore, there must exist an observable C11 co-measurable with
A1 and B1 and such that the result for C11 is +1 if the results of A1 and B1 are equal, and −1 if
they are different. C11 acts on a four-dimensional state space, but only distinguishes between two
subspaces. Therefore, there must be an observable C33 co-measurable with C11 that distinguishes
between other two subspaces and such that
P (C11+, C33+) + P (C11+, C33−) + P (C11−, C33+) + P (C11−, C33−) = 1. (20)
Since we have made no assumption about A3 andB3 (other than each of them acts on a different at
least two-dimensional subspace), we can relate C33 to A3 and B3, the same way we related C11 to
A1 and B1. Similarly, we can start with A1 and B3 and define C13 and then define a co-measurable
C31 related to A3 and B1.
These observables allow us to identify larger sets of pairwise exclusive events. For example,
the set with the following events: (A1+, A2+, B1+, B2+, C11+), (A1+, A2−, B1+, B2−, C11+),
(A3+, A2+, B3−, B2−, C33−), (A3+, A2−, B3−, B2+, C33−), (A1−, A2−, B1−, B2−, C11+),
(A1−, A2+, B1−, B2+, C11+), (A3−, A2−, B3+, B2+, C33−), (A3−, A2+, B3+, B2−, C33−)
and (C11−, C33+). Since, by definition of C11, P (A1+, A2+, B1+, B2+, C11+) =
P (A1+, A2+, B1+, B2+), the E principle and assumption (15) applied to this set imply that
P (A1+, A2+)P (B1+, B2+) + P (A1+, A2−)P (B1+, B2−) + P (A3+, A2+)P (B3−, B2−)
+P (A3+, A2−)P (B3−, B2+) + P (A1−, A2−)P (B1−, B2−) + P (A1−, A2+)P (B1−, B2+)
+P (A3−, A2−)P (B3+, B2+) + P (A3−, A2+)P (B3+, B2−) + P (C11−, C33+)
E≤ 1. (21)
As explained in Table I, there are 16 sets like this one. For each of them, there is a inequality
like (21). If we sum all of them we obtain,
SACHSHS
B
CHSH + (4− SACHSH)(4− SBCHSH) + 4
E≤ 16. (22)
9
(A1+, A2+, B1+, B2+) (A1+, A2−, B1+, B2−) (A3+, A2+, B3−, B2−) (A3+, A2−, B3−, B2+) (C11−, C33+)
(A1+, A2+, B1−, B2−) (A1+, A2−, B1−, B2+) (A3+, A2+, B3+, B2+) (A3+, A2−, B3+, B2−) (C11+, C33−)
(A1+, A2+, B1−, B4−) (A1+, A2−, B1−, B4+) (A3+, A2+, B3−, B4+) (A3+, A2−, B3−, B4−) (C11+, C33+)
(A1+, A2+, B1+, B4+) (A1+, A2−, B1+, B4−) (A3+, A2+, B3+, B4−) (A3+, A2−, B3+, B4+) (C11−, C33−)
(A1+, A2+, B3−, B4+) (A1+, A2−, B3−, B4−) (A3+, A2+, B1−, B4−) (A3+, A2−, B1−, B4+) (C13+, C31+)
(A1+, A2+, B3+, B4−) (A1+, A2−, B3+, B4+) (A3+, A2+, B1+, B4+) (A3+, A2−, B1+, B4−) (C13−, C31−)
(A1+, A2+, B3+, B2+) (A1+, A2−, B3+, B2−) (A3+, A2+, B1−, B2−) (A3+, A2−, B1−, B2+) (C13−, C31+)
(A1+, A2+, B3−, B2−) (A1+, A2−, B3−, B2+) (A3+, A2+, B1+, B2+) (A3+, A2−, B1+, B2−) (C13+, C31−)
TABLE I: Eight sets of nine pairwise exclusive events. Each row displays five pairwise exclusive events.
For each row, there are other four events (not displayed) which are obtained by changing the results
of the first four events. There are other eight sets (not displayed) which are obtained by exchanging
(Ajγ,Akδ,Bl, Bmφ) by (Al, Amφ,Bjγ,Bkδ).
Assuming that the maximum is the same in both experiments, we can conclude that, for any theory





Exactly as in QT. This result is an improved version of an argument introduced in Ref. [21]. A
similar argument allows us to derive the quantum limits for n-partite Bell-like inequalities for
non-local (but not genuinely n-partite non-local) hidden variable theories [22].
VI. THE UNSPEAKABLEWHY
We have shown that some characteristic limits of QT have a simple explanation. Indeed, we
suspect that all the limits of quantum probabilities have the same explanation. If this would be the
case, what should we learn about QT?
For some people, a fundamental message of QT is that the world is non-local, i.e., that the
results of quantum observables correspond to some reality and change non-locally [24]. However,
from this perspective, it is puzzling that the no-signaling principle allows for higher than quantum
violations of the CHSH inequality [4]. Why then QT is not more non-local?
The reason why QT is exactly as non-local as it is, apparently, the same reason why QT is
exactly as contextual as it is. However, in the contextuality case, there is no Alice and Bob and no
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communication.
Why nobody paid attention to the E principle before? Arguably, because the E principle is
trivial in classical deterministic theories and not well defined in non-local realistic theories.
However, if one takes non-realism (of the results of observables represented in QT by self-
adjoint operators) as a fundamental key of the world, then everything makes much more sense.
The fundamental non-existence of results makes that not all conceivable combinations of ob-
servables allow for joint probability distributions (i.e., makes not all observables to be co-
measurable). Indeed, it makes all conceivable relations of co-measurability/non-co-measurability
(among sharp measurements) realizable and, as a consequence, makes all conceivable relation-
ships of exclusivity/non-exclusivity (among events) realizable. There is where the E principle
makes a profound contribution: The possible sets of probabilities of a given scenario (i.e., a cer-
tain structure of co-measurability/non-co-measurability) are restricted by the E principle applied
to all conceivable embeddings of the scenario into a larger scenario. In this sense, the E principle
acts in an holistic way. In particular, the limits of the probabilities of a given scenario follow from
identifying the most (or one of the most) restrictive embedding(s) (details will be presented else-
where [23]). The resulting picture points out that non-realism is not “a soft option” [24], but rather
a fundamental key of the world. QT is a probability theory about things that do not exist and are
unpredictable at a fundamental level.
One may argue that the view I have drawn before is just one of the possible options and that
the predictions of QT are also compatible with contextual and non-local realistic views of the
world. I disagree. Common to all these other views is a certain degree of realism that ranges from
hidden variables determining the results of all possible experiments to just taking the quantum
state as real. It seems evident that any of these other views, when examined in detail, will lead
to predictions that QT does not make. Hopefully, we will soon identify these predictions and test
them. Time and experiments will tell.
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